Abstract. For a reducible curve singularity embedded in a rational surface singularity the Poincaré series is computed. Here the Poincaré series is defined by the multi-index filtration on the local ring defined by orders of a function on the branches of the curve. The method of the computations is based on the notion of the integral with respect to the Euler characteristic over the projectivization of the ring of functions (notion similar to, and inspired by, the notion of motivic integration). For the case of the E 8 surface singularity it appears that the Poincaré series coincides with the Alexander polynomial of the corresponding link.
In [3] and [4] there was computed the Poincaré series (in several variables) of the multiindex filtration on the ring of germs of functions of two variables defined by orders of a function on the branches of a reducible plane curve singularity (C, 0) ⊂ (C 2 , 0). It was shown that this Poincaré series coincides with the Alexander polynomial (in several variables) of the link of the singularity (C, 0). In [5] there was computed the Poincaré series of the multi-index filtration on the ring of germs of functions on a rational surface singularity (S, 0) defined by the multiplicities of a function along components of the exceptional divisor of a resolution of the singularity (S, 0). The method of the computations is based on the notion of the integral with respect to the Euler characteristic over the projectivization of the ring of functions. This notion is similar to (and inspired by) the notion of motivic integration.
The Poincaré series of a plane curve singularity is computed in terms of an embedded resolution of the curve. The answer is tightly connected with the Poincaré series of the set of divisorial valuations corresponding to the resolution. A generalization of this approach for a twisted (i.e., non plane) curve would be to consider the curve being embedded into a surface singularity and to use its embedded resolution. The Poincaré series of the set of divisorial valuations of a resolution of a surface singularity is well understood only for rational ones. Therefore it is natural to consider curves on them. Here we apply the mentioned method of computing the Poincaré series to a (reducible) curve on a rational surface singularity.
It appears that curves on the E 8 surface singularity have special properties. The link of the surface singularity E 8 is a homology sphere. Therefore, for a curve on the E 8 surface singularity, there is defined the Alexander polynomial (in several variables) of the corresponding link. We show that it also coincides with the Poincaré series of the curve singularity.
Poincaré series of a curve on a rational surface singularity
Let (C, 0) be a (in general, reducible) germ of a curve and let C = r j =1 C j be its decomposition into irreducible components (with a fixed numbering). Let ϕ j : (C, 0) → (C, 0) be an uniformization of the branch C j , j = 1, . . . , r. For a germ g ∈ O C,0 , let w j = w j (g) be the power of the leading term in the power series decomposition of the germ g ϕ j :
. . , w r (g)) (we call w(g) the value of the function g on the curve C). The Poincaré series of the multi-index filtration defined by w(•) (for short the Poincaré series of the curve (C, 0)) is the power series (in fact a polynomial for r ≥ 2):
Remark. If the curve (C, 0) is embedded into an ambient space (X, 0), in the definition of the Poincaré series P C (t 1 , . . . , t r ), one can use the ring O X,0 of germs of functions on (X, 0) instead of O C,0 above.
From now on let the curve singularity (C, 0) be embedded into a rational surface singularity (S, 0). In [5] there was defined the notion of the integral with respect to the Euler characteristic over the projectivization PO S,0 of the ring of germs of the functions on the surface (S, 0) (see also [2] , [4] ). Just as in [4] , [5] one can show that such that vM ≥ 0 (i.e., such that
, and let a i = (a i1 , . . . , a is ) (note that the determinant m does not depend on the resolution π of (S, 0) and that ma ij are integers). The set vM ≥ 0 in R s is the simplicial cone generated by the vectors a i , i = 1, . . . , s. One can show (see [8] ) that a i > 0,
Remark. Let n i = n i (v) be the left hand sides of the inequalities (1), i.e., n = (n 1 , . . . , n s ) = vM (in particular n i (a j ) = δ ij ). One can easily see that, 
Now we give a formula for the Poincaré series of the curve (C, 0) ⊂ (S, 0).
Theorem 2. One has
(in the substitution above j ∈∅ t j is supposed to be equal to 1).
Proof. For a topological space X, let S n X = X n /S n be the nth symmetric power of the space X. Let 
Elements of
(see, e.g., [4] ; this follows from the formula 1+χ(X)t+χ(S 2 X)t 2 +χ(S 3 X)t 3 +· · · = (1 − t) −χ(X) , where χ(X) is the Euler characteristic of the space X), by (v 1 , . . . , v s ) → (w 1 , . . . , w r ) with w j = v i(j ) , where i = i(j ) is the number of the component E i of the exceptional divisor D which intersects the strict transform C j of the component C j of the curve C. One has
(and the same for the integrals over Y ). For a function g ∈ O S,0 such that the strict transform of its zero level curve {g = 0} intersects the exceptional divisor D only at smooth points (and thus the collection of them belongs to the space Y 0 ) the value w(g) of the function g on the curve C is equal to w(v(g)).
Let V ∈ Z r ≥0 . Making as many additional blow-ups of intersection points of components of the total transform of the curve C as it is necessary, we can suppose that, for any g ∈ O S,0 with w(g) ≤ V , the strict transform of the curve {g = 0} intersects the exceptional divisor D only at smooth points. Let PO S,0 (V ) be the set {g ∈ PO S,0 : w(g) ≤ V }. The set PO S,0 (V ) is cylindric (see, e.g., [5] 
Since this equation holds for any V ∈ Z r ≥0 , one has
Curves on the surface singularity E 8
Let (S, 0) be the rational double point of the type E 8 ({x 2 + y 3 + z 5 = 0} ⊂ (C 3 , 0)). In this case the determinant m of the intersection matrix M is equal to 1. This implies that all the vectors a i are integer and therefore any curve on (S, 0) is the zero level curve of a function (i.e., each Weil divisor is a Cartier one). Therefore, for a curve
The link L = S ∩ S 5 (where S 5 is the sphere of small radius centered at the origin of C 3 ) is a homology 3-sphere (see, e.g., [7] ). For the curve C, let K = S 5 ∩ C be the corresponding link. The manifold K is the union of r circles in the homology sphere L. Therefore there is defined the Alexander polynomial of (L, K) which is a polynomial in r variables (see, e.g., [6] ). From [6] it follows that
when r > 1 and, for r = 1,
Note that the substitution in the last formula means that
Remark. According to the general definition (see, e.g., [6] ), the Alexander polyno- (4) fixes the choice of the Alexander polynomial in such a way that it is really a polynomial (i.e., does not contain monomials with negative exponents) and its value at the origin (t = 0) is equal to 1.
Comparing (3) and (4) with (2) As an example, the curve given by t → (t 3 , t 4 , t 5 ) does not lie on an E 8 surface singularity.
Remark. Let S be an arbitrary rational surface singularity and let P S,C (T 1 , . . . , T s ) = 
